
tion rates changing with time of mem- 
brane exposure to hydrogen was due to 
a surface effect. In fact the increase of 
permeation rates observed under iden- 
tical conditions of pressure and tem- 
perature can be considered to be the 
result of an increase in surface activity. 

These results, inadvertently obtained 
here, showing that the permeation rates 
changed with time, support the evi- 
dence that surface reactions exert a 
great influence on permeation rates in 
the hydrogen type 321 stainless steel 
system. However they tended to hinder 
quantitative treatment of the data. For 
example the proposed permeability ex- 
pression should be considered valid 
only after any initial activation of the 
membrane surface has taken place. 
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NOTATION 

A =  

A. = 

c =  

D =  

D. = 

area, permeation area, area 
perpendicular to the direction 
of gas flow, sq. cm. 
arithmetic average permeation 
area for a hollow cylinder, sq. 
cm. 
concentration (atomic) of gas 
within the metal lattice, cc. 
(NTP) /cc.* 
diffusivity or diffusion coeffi- 
cient, sq. cm./sec., or sq. cm./ 
min. 
value of D at infinite tempera- 
ture, frequency factor, sq. 
cm./min. 

E* 

E ,  

E ,  

h 

K 

K ,  

L 

n 

P 

P O  

P 
R 

R 

r 

r ,  

1’m 

T 

= activation energy for diffusion, 
cal./g. mole 

= activation energy for the per- 
meation process, cal./g. mole 

= activation energy for solubility 
or heat of solution, cal./g. 
mole 

= mass transfer coefficient for 
interfacial-resistance model, 
cc.(NTP)/sq. cm. min.(atm.)l”* 

= solubility constant, cc.(NTP)/ 
cc. (atm.) 

= ,solubility constant at infinite 
temperature, cc. (NTP) /cc. 
(atm.)*Ia 

= length of permeation mem- 
brane, cm. 

= pressure exponent, 1/2 < n < 1 

= permeability, 

( (:;ID 1 
= permeability at infinite tem- 

ierature, [ cc.(NTP‘ 1 
sa. cm. min. 

= gas pressure, am.* 

= rate of permeation, total rate 
of gas permeation or diffusion 
through a metal barrier, cc. 
(NTP) /min. 

= molar gas constant, 1.987 cal./ 
g. mole ( O K . )  

= radial distance in a cylinder, 
cm.* 

= arithmetic average radius, 
equal to r, for thin-walled 
cylinders, cm. 

= log mean radius, ( r z  - rl) /In 
rz/rl, cm. 

= absolute temperature, O K  

* Subscripts 1 and 2 refer t o  conditions at the 
entrance and exit surfaces, respectively, for p, c, 
r, and h. 
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Under the impetus of both academic 
curiosity and practical necessity con- 
siderable effort has been expended in 
recent years toward finding solutions 
to the differential equation of motion 
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for non-Newtonian fluids. As one might 
expect exact solutions are available 
only for relatively simple geometries 
and rheological equations of state (the 
set of equations relating the state of 
stress of the 3uid under consideration 
to its velocity field). For a discussion 

A.1.Ch.E. Journal 

dealing with some of the problems in- 
herent in obtaining solutions to the 
equation of motion the reader is refer- 
red to a review by Oldroyd ( 7 ) .  

It has become evident that approxi- 
mate solutions to the equation of mo- 
tion can be of value for non-Newtonian 
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fluids in the same manner that approxi- 
mations have been of vital importance 
in advancement of Newtonian fluid 
mechanics. Thus the use of boundary- 
layer theory for non-Newtonian sys- 
tems has been discussed by Schowalter 
( 9 )  and specific applications have 
been reported by Acrivos and CO- 

workers (1, 2 ) .  In the present paper 
principles of boundary-layer theory 
have been applied to determine the 
behavior of a non-Newtonian fluid in 
the entry region of a channel. The re- 
sults apply to laminar flow of pseudo- 
plastic fluids whose rheological be- 
havior can be approximated by a 
power-law relation between shear 
stress and velocity gradient. 

Earlier workers ( 4 ,  11) have used 
approximate forms of boundary-layer 
theory to estimate the entry length for 
axisymmetric pipe flow. The treatment 
described below differs from these in 
two respects. A different geometry is 
considered, and a different treatment 
of the boundary layer is utilized. The 
results provide estimates of the pres- 
sure drop which occurs in the entry 
region, the length of channel required 
to establish fully developed laminar 
flow, and the shape of velocity profiles 
in the entry region. The technique 
used is an extension of the approach 
employed by Schlichting (10) fur 
Newtonian fluids. It is believed that 
the results provide a better description 
of velocity profiles in the entry region 
than would have been possible through 
application of methods previously used 
for axisymmetric pipe flow. The results 
should be helpful to persons interpret- 
ing pressure loss and heat transfer data 
taken under such conditions that the 
shape of velocity profile is affected by 
proximity of the channel entrance. 

THEORY 

Consider a channel formed by two 
horizontal semi-infinite plates spaced a 
distance 2a apart. Distances are meas- 
ured with respect to a Cartesian co- 
ordinate system with origin at the end 
of the lower plate. The x and y axes 
are horizontal and vertical, respectively, 
and the z axis is parallel to the edges 
of the plates. The flow is assumed to 
be two dimensional ( w  = 0) and to 
enter the channel at x = 0 with a flat 
velocity profile (u = U., u = 0). Near 
the channel entry the effect of viscosity 
of the fluid is important only in the 
region near the walls, and the velocity 
profile in the center of the channel re- 
mains quite flat, though it has a value 
greater than U ,  because of the de- 
celeration of fluid near the walls. Thus 
in the region near the entry boundary- 
layer techniques are applicable. On the 
other hand at values of x approaching 
the fully developed region the velocity 
profile may be described in terms of 
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perturbations on the fully developed 
flow. The two methods of solution are 
joined at an appropriate value of x .  

The analysis applies to fluids which 
can be characterized by Bird's gener- 
alization of the power law for two-di- 
mensional flow of incompressible fluids 

n-1 
(3):  

- 
perf  = K (+I.) a (1) 

where 

K and n are empirical constants and 
the quantity perf is defhed by a rheo- 
logical equation of state 

741 = - p e r t  ( au, +") ( 2 )  
ax, 

Solution Near the Entry 
(Downstream Solution) 

For two-dimensional flow of an in- 
compressible h i d  described by Equa- 
tions (1) and (2) it has been shown 
that the boundary-layer equation for 
the x component of velocity may be 
written (9) 

au au dU K d u - + u - = u - + - -  
ax aY dx P aY 

The validity of Equation (3) is based 
on the assumption that the velocity u 
is a function of x alone over all but a 
portion 8 of the channel near the two 

walls, and that -<< 1. In that por- 

tion of the channel where - << 1 it 

is desired to solve Equation (3) for 
u(x, y ) .  This may be done through 
conversion of Equation (3) into an 
ordinary differential equation. 

S 
a 

S 
a 

C 

0.6 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

ai 

0 
o a2 0.4 am aa 1.0 

FLOW BEHAVIOR INDEX 

Fig. 1. Entry pressure drop correction as a 
function of flow behavior index. 

Define a stream function such that 

u=-  * u = - -  
aY 

and 

1 

P u o -  n+' where .l = y [ Kx j 
Kx ''+I 

€ =  [ 
a""U,""p 

Then from Equations (4) and (5) 

= u.3 CfO'(7) + €f.'('I) + 
€"f.'(7)) + . . . I  

(n+ 1)x  
2f.' + * . . ) - E (fo + 241 + 

3 2 f P  + . . . ) 1 

( 6 )  

fj= udl [.l(€fi + qi ,  + 

(7) 
The veIocity U ( x )  outside of the 
boundary layer may be expressed 
through the displacement boundary- 
layer thickness, where 

From the continuity equation 

udy = U a  (9) 

Equations (8) and (9) may be com- 
bined to give 

u (x) = uo [ 1 + r- a + (">' a + . . . ] 
(10) 

Since 6' is a function of x alone, one 
can write 

U ( x )  = U,[1 + KIE + K , f  + . . .I 
(11) 

By combining Equations (3) ,  (6), 
( 7 ) ,  and (11) one arrives at a differ- 
ential equation containing terms made 
up of coefficients which are functions 
of 7) alone multiplied by E raised to 
different powers (0, 1, 2, . . ). When 
coefficients of like powers of E are 
equated, an inb i te  set of ordinary dif- 
ferential equations is obtained, the first 
one being 

n(n + 1)fo"' + fo(f/)24 = 0 

with boundary conditions formed 
from the requirements of no slip at the 
wall and u = U at 9 = cx) (consider- 
ing only one-half of the channel): 

(12) 

f o ( 0 )  =f.'(O) = 0 
f i ( 0 0 )  = 1 

Strictly speaking the boundary condi- 
tion at infinity is inconsistent with the 
assumption of a uniform velocity near 
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Fig. 2. Entry length as a function of flow be- 
havior index. 

the center of a channel of finite width. 
However in the region where bound- 
ary-layer equations are applied the 
effective boundary layer is saciently 
thin so that difEculties are avoided. 
Coefficients of higher powers of E 

yield equations for fl through f. .These 
equations are given in the AppendkO 

In order to solve Equations (12) 
and (Al)  through (A5) one must 
have numerical values for the con- 
stants K,, K,, . . . . Very near the entry 
the boundary-layer thickness is ex- 
tremely small. Consequently U is only 
slightly greater than V,, and to a good 
approximation one may terminate the 
right-hand side of Equation (10) after 
the second term: 

U ( x )  = vo [I 1 + ;] 
Likewise from Equation (11) 

or 
6' = aK,e 

But since the enixy is near, one has 
from Equations (6) and (8) 

U ( X )  = Uo[1 + Ki.1 

8" Gs J [l-fo'ldy= 
ae 1% - f o ( d  1 

where % is some value of q outside of 
the boundary layer. Then 

Ki = qi - f o ( ~ )  (13) 
and fo may be found from a solution 
of Equation (12), which is just the 
solution for flow past a flat plate (1). 

Slightly farther downstream one 
must retain three terms in the right- 
hand side of Equation (10).  A pro- 
cedure similar to that outlined above 
leads to 

Upon evaluation of the integral one 
finds 

Kz = Kqi - fi (71) (14) 
*Appendix has been deposited as document 

7354 with the American Documentation Institute, 
Photoduplication Service Library of Con 
Washin on 25, D: C., A d  may be o b t a e s i i  
$1.25 $r photopnnts or for 35-mm. mcrofilm. 

and fi may be found from solution of 
Equation (Al) .  Similarly 

KC = K o  71 - fs-i(ai) (15) 
In principle as many ordinary differ- 
ential equations of the type Equations 
(12) and (Al)  through (AS) may be 
formed as is desired. The present work 
employs six equations for fo  through 
fs .  Knowing fo  through f. one can com- 
pute the velocity in the boundary layer 
by writing Equation (6) in the form 

2fB' + c'f; + e6fi l  (16) 
u 5% vo [f.' + rf;  + €*fd + 

0.16 
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0.10 
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Fig. 3. Entry length as a function of flow 
behavior index. 

Solution Approaching Fully Developed 
Flow (Upstream Solution) 

Now consider the equation of mo- 
tion in the region of the channel which 
approaches fully developed 00w. Since - 
a2u 8% ->>- the equation of motion aq 82' 
may be written 

u"+%$' ( E ) d Y =  
dx dY 

l a p  K a -- -+-- 
p ax pa"" dY 

Y where Y = 1-- 
a 

and the continuity equation has been 
used in the form 

Making the reasonable approximation 
that p = p (x) , and differentiating 
Equation (17) partially with respect 
to Y, one obtains 

If one considers the velocity u to be 
expressed as a perturbation of the fully 
developed profile, it is found that 

- -  . - 
(20) 

Substitution of Equation (20) into 
(19) results in 

"1 asu* (Z) [ l - Y  ]-- axay 

2 n +  1 (--) Y [ $ dy = 

-(%) 
(n -1 )  Y 

where terms involving uQ or its de- 
rivatives to powers greater than 1 have 
been neglected. Equation (21) can 
be solved by separation of variables. 
One may set 

uQ = Uo 2 c, exp (-A, X )  cpl' (Y)  
4 

where (22) 

- - Ua-' ( 1  + 2n)"-' K x 
a"" n" p 

X =  

(23) 
(1  + 2n)"-l 

n" 
En+, 

Substitution of Equation (22) into 
(21) results in a set of ordinary differ- 
ential equations for the cpz 

n-I - 
n2 Y cp,"" + 

nrl  

[l- Y" ] x, cpi" 4- 
2n + 1 1-n 

(7) A, c p ~  = 0 (24) 

Symmetry with respect to the center 
line and the no-slip requirement at 
the wall result in boundary conditions 

r p r ( 0 )  = cpP,"(O) = 0 

Cpc(1) = cp,' (1) = 0 

In addition, since the values of ci are 
not yet bed ,  ~ ~ ' ( 0 )  can have any 
nonzero value. It is convenient to set 
~''(0) = 1. Solution of Equation (24) 
results in a set of eigenfunctions pi 
and corresponding eigenvalues X, for 
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which the boundary conditions are 
satisfied. 

Values of cI are those which will 
provide the best fit of the upstream 
solution to the downstream solution at 
the point where the two are joined. 
These values of cc are found by mini- 
mizing the integral 

9 6 '  (Y) - U d " I a  du (25) 
where us'' i s  the value of the pertur- 
bation velocity determined from the 
downstream solution evaluated at the 
point where the solutions are joined. 
One proceeds by taking (a ) /  (ac,) of 
(25) and setting the result to zero. A 
set of simultaneous equations is ob- 
tained which permits evaluation of 
each of the cI  values. 

PRESSURE LOSS 

In the fully developed region of 
laminar flow in a channel it is readily 
shown that the change in pressure 
IApl over a length Ax is given by 

2 n + 1  
Ax 

(26) 
The pressure loss between the entry 
to the channel where x = 0 (and u = 
constant = U,) and some point x1 in 
the fully developed region is custo- 
marily given as a correction to the 
pressure loss computed from Equation 
(26). Thus the pressure loss between 
x = 0 and some point x, in the fully 
developed region may be expressed by 

2 n + 1  
Xl -+C lAPl 

pu," 

---= 
1 N R *  a 

where C is found from a momentum 
balance to be - 

2nS-1  
X d  - 

Nz.  a 
(28) 

The constant C represents the addi- 
tional pressure loss occurring in the 
entry over and above that of fully 
develo ed flow. 

It sgould be noted that all of the 
above equations consider the fluid to 
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have a flat velocity profile u = uo a t  
x = 0. Hence the change in pressure 
caused by acceleration of the fluid 
from a reservoir at x < 0 to the aver- 
age channel velocity U, at x = 0 has 
not been included. 

NUMERICAL PROCEDURE 

Equations (12), (Al) through 
(AS), and (24) were solved with the 
Gill modification of the Runge-Kutta 
technique (8). Methods used to find 
initial conditions, when necessary, and 
the eigenvalues 1, in Equation (24) 
are described elsewhere ( 5 ) .  

The downstream solution [Equation 
(16)  ] is a good approximation as long 
as 6*/a<< 1 and Equation (11) is 
an accurate representation of V ( x )  . 
However Equations (11) and (16) 
diverge at sufliciently high values of 
E .  The downstream solution was con- 
sidered valid only as long as the abso- 
lute value of each successive term in 
Equation (16) decreased. At  the point 
where this ceased to be true, the 
downstream solution was joined to the 
upstream solution. 

Equation (24) was solved for five 
values of n between 0.2 and 1.0. For 
each value of n three eigenvalues and 
the corresponding eigenfunctions were 
found. For example for n = 0.8 one 
finds 

A, = 15.7 
A, = 48.0 

A, = 97.9 

Thus three terms of Equation (22) 
were used to express the upstream SO- 
lution. Minimization of the expression 
(25) at the point where the upstream 
and downstream solutions were joined 
for n = 0.8 (E, = 0.0583) results in 

C, = 0.341 

C, 5 - 0.034 

= 0.149 

RESULTS 

Calculations performed for n = 0.2, 
0.4, 0.6, 0.8, and 1.0 form the basis 

For the results presented in Figures 1 
through 6 Figure 1 shows the depend- 
ence of the constant C in Equation 
(27) on the flow behavior index n. 
For comparison a curve is also shown 
which gives the value of C obtained 
if one neglects V~SCOUS dissipation and 
equates the pressure loss in the entry 
to the change in kinetic energy of the 
fluid between x = 0 and x = X d .  

since f d y  cjeveloped flow is ap- 
proached asympiotically, one is re- 
quired to choose an arbitrary criterion 
for the attainment of fully developed 
%ow. In this work x d  was selected as 
the distance from the entry at which 
the center-line velocity had reached 
98% of its f d y  deveIoped value. A 
smooth curve with no sudden changes 
in slope is obtained if one plots VS. 
n, shown in Figure 2. The results are 
also presented in the form ( x $ ) /  
(aN,.) vs. n in Figure 3. The Iatter 
method of presentation is analogous to 
the form usually employed for New- 
tonian fluids. 

Figures 4 through 6 have been in- 
cluded to present a comparison of 
velocity profiles for different values of 
the flow behavior index at equivalent 
positions in the channel. 

DISCUSSION 

Equation (Zl), the upstream equa- 
tion used to describe flow beyond the 
point a t  which Equation (16) is vaIid, 
was derived by neglecting products of 
ti" and its derivatives. When n is near 
unity, these terms are not always neg- 
ligible Sn the vicinity of the point 
where the two solutions have been 
joined. The error thus incurred could 
be reduced by continuing the down- 
stream sohtion to a higher value of c 
and discarding terms in Equation (16) 
which have become divergent. This 
procedure was attempted for n = 1, 
with E ,  = 0.13. Not only was the 
downstream solution somewhat less ac- 
curate because fewer terms were used, 
but correspondence between upstream 
and downstream solutions at the new 
C, was poor. In contrast usinq all six 
terms of Equation (16) and joining 

u/ 0, 

Fig. 4. Velocity profiles, x = 0.25 xd. 
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Fig. 5. Velocity profiles, x = 0.50 x d .  

the two solutions where Equation 
(16) begins to diverge (6, = 0.0709 
for n = 1) one obtains an exceUent 
match of upstream and downstream 
solutions. Hence it is believed that the 
procedure used gives a reasonable 
estimate of entry behavior. 

The values of entry length (rj)/ 
(aN,,) and pressure-loss correction 
(C) for Newtonian fluids, which were 
found to be 0.069 and 0.74, respec- 
tively, are of interest. These compare 
with 0.080 and 0.60 reported by 
Schlichting (10). His downstream so- 
lution [Equation (16) ] is composed 
of only three terms plus an approxima- 
tion to the fourth. Also his upstream 
solution contains only one eigenvalue 
and consequently does not permit a 
close fit to the downstream solution 
at q. The more accurate downstream 
solution used in the present study in- 
dicates that near the entry the drag 
ftirce at the wall is somewhat higher 
than that obtained by Schlichtin . 

It is seen from Figure 3 that i 9 one 
considers the flow of fluids with dif- 
ferent values of n to be on an equiva- 
lent basis when the Reynolds numbers 
are identical, the entry length (in 
terms of the number of channel 
widths) actually increases as the %ow 
behavior index decreases from 1 to 
about 0.3. It should be noted that if 
one chooses a Reynolds number equiv- 
alent to that used in this paper the 
curve of Bogue ( 4 )  showing (lcd)/ 
(aNR.)  as a function of n for pipe 
flow, would also exhibit a maximum. 
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NOTATION 

a = channel half-width 
C = constant defined by Equation 

(28) 

I 0  

0 8  

O K  

0 4  

0 2  

Y o  
0 2  

0 4  

0 6  

08 

I 0  
I 0 2  0 4  08 0 8  I 0  I 2  1 4  I 6  

u/ u, 
Fig. 6. Velocity profiles, fully developed flow. 

c1 = constant defined by Equation 
(22) 

fo, fl, . . . f s  = functions defined by 
Equations (12) and ( A l )  
through (A5) 

I ,  = second invariant of rate-of- 
strain tensor 

K = consistency index defined by 
Equation (1) 

K ,  = constant defined by Equation 
(15) . .  

(2a)”UO-p 
K 

NBe  = Reynolds number, 

n = flow behavior index defined 

p = pressure 
U 

Uo 
u 
uc 

by Equation (1)  

= velocity outside of boundary 

= average velocity in channel 
= x component of velocity 
= u, 0, or w for i = 1, 2, or 3, 

layer 

respectively 
= velocity defined by Equation 

= difference between u calcu- 
lated from Equation (16) at 
c = el and fully developed 
velocity 

(20) 

= y component of velocity 
z(: 

x ’ =  P+l 

x 

X I  

= z component of velocity 
(2n + ,),-I 

n“ 
= distance component in direc- 

tion of fully developed flow 
= x, y, or z, for i = 1, 2, or 3, 

respectively 
Y = 1 - y/a 

y = distance component perpen- 

z = distance component perpen- 

Greek Letters 

6 = boundary-layer thickness 
6” = displacement boundary-layer 

dicular to channel walls 

dicular to xy plane 

thickness 
- 
”+l 

= ] 
1 - 

puo- m+l 

9 = Y [ x ]  

Q 
ary layer 

A‘ 
tion (22) 

perf = effective viscosity 
p = density 
rcj = component of shear stress 

tensor defined by Equation 

= function defined by Equation 

= value of 7 outside of bound- 

= eigenvalue defined by Equa- 

( 2 )  

(22) 
cp+ 

Subscripts 
d = evaluated at a value of 1c 

where center-line velocity is 
98% of its fully developed 
value 

i = evaluated at position where 
upstream and downstream so- 
lutions are joined 
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